In this paper a new technique for the accurate calculation of magnetic fields in the end regions of superconducting accelerator magnets is presented. This method couples Boundary Elements (BEM) which discretize the surface of the iron yoke and Finite Elements (FEM) for the modelling of the nonlinear interior of the yoke. The BEM-FEM method is therefore specially suited for the calculation of 3-dimensional effects in the magnets, as the coils and the air regions do not have to be represented in the finite-element mesh and discretization errors only influence the calculation of the magnetization (reduced field) of the yoke. The method has been recently implemented into the CERN-ROXIE program package for the design and optimization of the LHC magnets. The field shape and multipole errors in the two-in-one LHC dipoles with its coil ends sticking out of the common iron yoke is presented.
INTRODUCTION
The design and optimization of the LHC magnets is dominated by the requirement of an extremely uniform field which is mainly defined by the layout of the superconducting coils. Even very small geometrical effects such as the insufficient keystoning of the cable, the insulation, grading of the current density in the cable due to different cable compaction and coil deformations due to collaring, cool down and electromagnetic forces have to be considered for the field calculation. In particular for the 3D case, commercial software has proven to be hardly appropriate for the field optimization of the LHC magnets. Therefore the ROXlE program package was developed at CERN for the design and optimization of the LHC superconducting magnets. Using the BEM-FEM coupling method [l] yields the reduced field in the aperture due to the magnetization of the iron yoke and avoids the representation of the coil in the FE-meshes.
THE BEM-FEM COUPLING METHOD
The total magnetic induction in a certain point f i n the aperture of the magnet can be decomposed into a contribut@n Bs due to the superconducting coil and a contribution BR due to the magnetic yoke. If the fie4ds are expressed in terms of the magnetic vector potential B = curl A, then the decomposition into source and reduced contributions gives
(1) This approach has the following intrinsic advantages: ( I )
The coil field can he taken into account in terms of its source vector potential As, which can be obtained easily from the filamentary currents IS by means of Biot-Savart type integrals without meshing of the coil. (2) The BEM-FEM coupling method allows for the direct computation of the reduced vector potential AR rather than the total vector potential i . Then numefical errors do not influence the dominating contribution As due to the superconducting coil. (3) The surrounding air region needs not to be meshed at all. This simplifies the preprocessing and avoids artificia1 boundary conditions at some "far" boundaries. Moreover, the geometry of the permeable parts can be modified without taking care of the mesh in the surrounding air region. This strongly supports the feature based, parametric geometry modelling which is required for mathematical optimization. When the BEM-FEM coupling method is applied, only the magnetic sub-domain Ri which coincides with the magnetic yoke has to be discretized by finite elements. Iron saturation effects can then be dealt with within the finite element framework. The nonmagnetic sub-domain R, which represents the surrounding air region and the excitation coil is treated by the boundary element method. Only the common boundary r needs to be discretized by boundary el- 
The FEMpart
Inside the magnetic domain Ri a gauged vector-potential formulation is applied.
With Maxwell's equations 0-7803-5573-3/99/$10.00@ 1999 IEEE.
curlI? = I and div B = 0 for magnetostatic problems, the constitutive equation
-c u r~c u r~A = I + curIG.
(5)
and the vector-potential formulation 8 = c u r l A we get
PO
Introducing the penalty term -grad&divd the weak formulation reads
rs, PO PO which can be transformed to (7) a = 1 , 2 , 3 and
The continuity condition of Gt on the boundary between iron and air leads to iii is the normal vector on rai pointing out of the E M domain Ri and Aa is the normal vector on r . i pointing out of the BEM domain 0,. The boundary integral term on the boundary between iron and air rai in (7) The stiffness matrices depend on the local permeability distribution in the nonlinear material. All the matrices in (12) are sparse.
The BEMpart
By definition the BEM domain 0, does not contain any iron and therefore M = 0 and p = PO. One more integration by parts of the weak integral form (8) and choosing the Cartesian components of the vector weighting function as the fundamental solution of the Laplace equation yields and ii x I ? across T-i.
RESULTS
The Large Hadron Collider (LHC) to be built at CERN requires high-field superconducting magnets to guide the counter-rotating beams in the LEP tunnel with a circumference of about 27 km. The design and optimization of these magnets is dominated by the requirement of an extremely uniform field, which is mainly defined by the layout of the superconducting coils. In order to study, with a fast turnaround rate, the influence of individual coil parameters, the pre-stress in the coil, the collar material and the yoke structures, a short-model dipole program was established at CERN. 20 single-aperture models and 3 double-aperture models have been built and tested since mid 1995 in addition to 5 long-model prototypes built in European industry. Unlike in the main dipole prototypes with a magnetic length of 14.2 m, the field quality in the center of the short dipole models (with a coil length of 1.05 m and the length of the magnetic yoke of only 402 mm) is affected by the coil ends. In order to study systematic effects in the field quality due to manufacturing tolerances, and coil deformations due to assembly and cool-down of the magnet it is necessary to calculate, with a high precision, the 3D integrated multipole field errors. This is important as the measurement coil used at present has a length of about 200 mm (half the length of the magnetic yoke). Fig. 1 shows the geometric model of the coiltest facility (CTF). The bs and in particular b7 and higher order multipoles are little influenced by three-dimensional effects.
CONCLUSION
The BEM-FEM method is specially suited for the calculation of 3D effects in superconducting magnets, as the coils and the air regions do not have to be represented in the finite-element mesh and discretization errors only influence the calculation of the yoke magnetization. The method has been applied to the calculation of multipole errors in the short dipole models for the LHC. Results show that the models are representative for the long dipole prototypes only at low and medium excitation. At nominal excitation, the sextupole measured in the center of the magnet is more than one unit lower than in the center of the long magnets. 
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